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Abstract. For any symmetric collection {hP '^)p+q=k of natural numbers, we construct 
a smooth complex projective variety X whose weight k Hodge structure has Hodge 
numbers h^''^{X) = \i k = 2m is even, then we have to impose that /i'"''" is bigger 
than some quadratic bound in m. Combining these results for different weights, we 
solve the construction problem for the truncated Hodge diamond under two additional 
assumptions. As an application, we determine all nontrivial dominations among Hodge 
\ numbers of Kahler manifolds. This answers questions of J. Kollar and C. Simpson. 

(N ' 



1. Introduction 
For a Kahler manifold X, Hodge theory yields an isomorphism 

\ p+q=k 

^ I As a refinement of the Betti numbers of X, one therefore defines the {p,q)-th. Hodge 
• number hP''i{X) of X to be the dimension of H''(X,Q^). This way one can associate 
to each n-dimensional Kahler manifold X its collection of Hodge numbers hP''^(X) with 
< p,q < n. Complex conjugation and Serre duality shows that such a collection of Hodge 
numbers {hP''^)p q in dimension n needs to satisfy the Hodge symmetries 

: (1.1) /iP.<? = /l9,P = /^n-p,"-? . 

■ 

I Moreover, as a consequence of the Hard Lefschetz Theorem, the Lefschetz conditions 
^ ■ (1.2) hP''^ > for all p + q<n 

O ■ hold. Given these classical results, the construction problem for Hodge numbers asks 
which collections of natural numbers satisfying (11.11) and (II. 2p . actually arise 

as Hodge numbers of some n-dimensional Kahler manifold. In his survey article on the 
construction problem in Kahler geometry p!8], C. Simpson explains our lack of knowledge 
on this problem. Indeed, even weak versions where instead of all Hodge numbers one 
■ only considers small subcoUections of them are wide open; for some partial results in 
dimensions two and three we refer to [2[ HI [8] . 

1.1. Our main results on the construction problem. Very recently, it was shown in 
[12] that apart from the above mentioned conditions there are no other universal linear 
relations among the Hodge numbers of Kahler manifolds. As it turns out, the analogous 
statement for linear inequalities is not true. Indeed, using the classification of surfaces 
and the Bogomolov-Miyaoka-Yau inequality, we prove in Appendix |A] of this paper: 

Proposition 1. For a Kahler surface X , the following inequality between its Hodge num- 
bers holds: 

h^'\X) > h^'\X) . 
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Although a lot of progress on the geography problem for Chern numbers of surfaces 
was made in the second half of the last century, a complete solution is not yet established, 
cf . [21 [8] . Since the Chern numbers of surfaces can be expressed in terms of their Hodge 
numbers, this is reflected by the fact that the possible values of h^'^ and which can 
occur for surfaces are not completely determined. In our first theorem we give a complete 
solution to the analogous problem in dimensions > 2. In particular, we see that the 
inequality in Proposition [T] is a peculiarity for surfaces: 

Theorem 2. Let h'^'^ and h^'^ be natural numbers with h^'^ > 1. Then in each dimension 
> 3 there exists a smooth complex projective variety X with 

= /i^'O and h''\X) = h''K 

More generally, one can look at the whole collection {hP'i)p+q=k of Hodge numbers of 
the Hodge structure on a single cohomology group H''{X,C) of a Kahler manifold X 
and ask which of the above collections arise this way. This explicit problem arose from 
a conversation between J. Kollar and C. Simpson, see [iHl p. 9]. Apart from a mild 
restriction for even k, we solve this problem in our next result. In order to state it, we 
denote the integer part of a real number x by [x\. 

Theorem 3. Let {hP''i)p+q=k be a symmetric collection of natural numbers. If k = 2m is 
even, we assume 

/i"'" >m-[(m + 3)/2j + [m/2j^ . 

Then in each dimension > k + 1 there exists a smooth complex projective variety whose 
Hodge structure of weight k realizes the given Hodge numbers. 

Given the above Theorem, one is tempted to ask for solutions to the construction 
problem for collections of Hodge numbers which do not necessarily correspond to a single 
cohomology group. In order to explain our result on this problem, we introduce the 
following notion: An t?,- dimensional formal Hodge diamond is a table 

J^n,n-2 ^ra-l,ra-l j^n-2,n 

(1.3) /lO'" 

h?fi /^0,2 
/jl,0 /jO,l 

of natural numbers /i^'^, satisfying the Hodge symmetries (11. ip . the Lefschetz conditions 
(II. 2p and the connectivity condition h^^^ = /i"'" = 1. The hP''^ are referred to as Hodge 
numbers and the sum over all hP''^ with p + q = k as k-th Betti number of this formal 
diamond. For p + q <n, its primitive (p, g)-th Hodge number is defined via 

A truncated 77,-dimensional formal Hodge diamond is a formal Hodge diamond as 
above where the horizontal middle axis, i.e. the row of Hodge numbers HP'I with p + q = n, 
is omitted. We note that for a Kahler manifold X its truncated Hodge diamond together 
with all holomorphic Euler characteristics xi^i ^x)' where p = 0, . . . , [n/2\, is equivalent 
to giving the whole Hodge diamond. Also, it is shown in [12] that a linear combination 
of Hodge numbers can be expressed in terms of Chern numbers if and only if it is a linear 
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combination of these Euler characteristics. Therefore, the truncated Hodge diamond of X 
is a complement of the space of Hodge numbers which are determined by Chern numbers. 
The main result of this paper solves the construction problem for the truncated Hodge 
diamond under two additional assumptions: 

Theorem 4. Suppose we are given a truncated n- dimensional formal Hodge diamond 
whose Hodge numbers hP''^ satisfy the following two additional assumptions: 

(1) For p < n/2, the primitive Hodge numbers IP'P satisfy 

P'P >p - (n^ -2n + 5)/4 . 

(2) The outer Hodge numbers h^^^ vanish either for all k - 1, . . . ,n-3, or for all k 4^ 
for some k^ ^ {1, . . . ,n - 1} . 

Then there exists an n-dimensional smooth complex projective variety whose truncated 
Hodge diamond coincides with the given one. 

Theorem |4] has several important consequences, including the following, see Section [8l 
(HI) The Hodge numbers of the truncated Hodge diamond of an n-dimensional smooth 
complex projective variety do not satisfy any universal inequalities other than the 
Lefschetz conditions (11. 2p . 
(H2) For the union of /i""^'*' and with the collection of all Hodge numbers which 

neither lie on the boundary, nor on the horizontal or vertical middle axis of (II. 3p . 
the construction problem is solvable without any additional assumptions, i.e. the 
corresponding subcollection of any n-dimensional formal Hodge diamond can be 
realized by a smooth complex projective variety. 
The number of Hodge numbers we omit in (HI) and (H2) from the whole diamond (II. 3p 
grows linearly in n, whereas the number of all entries of (II. 3p grows quadratically in n. 
In this sense. Theorem H] yields very good results on the construction problem in high 
dimensions. 

For Betti numbers, we obtain the following statements, see Section |8l 

(Bl) Any universal inequality between the Betti numbers of an n-dimensional smooth 
complex projective variety is a consequence of the Lefschetz conditions (II. 2p . 

(B2) The odd Betti numbers hk with k n of any n-dimensional formal Hodge diamond 
can be realized by a smooth complex projective variety. 
In (HI) and (Bl) the Hodge and Betti numbers are considered modulo the Hodge sym- 
metries and Poincare duality respectively. Proposition [1] shows that in (HI) we cannot in 
general replace the truncated Hodge diamond by the usual one. According to (Bl), the 
analogous phenomenon does not show up for Betti numbers. 

If in (B2) we want to treat all Betti numbers bk with k n, then we have to impose 
universal lower bounds on the even degree Betti numbers, see Corollary [161 Although 
our bounds are certainly not optimal, some kind of such bounds are necessary. Indeed, 
it follows from the Hodge-Riemann bilinear relations that in dimension at least two for 
instance, 62 = 1 forces bi =0, see Lemma l25l 

1.2. Application to Simpson's domination relation. In [18j, C. Simpson speculates 
that "the middle (Hodge) numbers probably should be bigger than the outer ones". In 
order to investigate this issue systematically, we introduce the following notion: We say 
that a Hodge number h^'^ dominates h^''^ in dimension n, if there exist positive constants 
ci,C2 e M>o such that for all n-dimensional smooth complex projective varieties X, the 
following holds: 

(1.4) ci-h''''{X) + C2>hP''^{X) . 
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Moreover, such a domination is called nontrivial if it does not follow from the Hodge 
symmetries (11 .ip or the Lefschetz conditions (11.21) . and if (0,0) ^ {p,q) {n,n). 

By (HI), any nontrivial domination in dimension n contains at least one Hodge number 
of weight n. Conversely, by Proposition [T|, the middle degree Hodge number h^'^ indeed 
dominates nontrivially in dimension two. Likewise, one might wonder whether in 
dimension three, /i^'^ dominates or vice versa. Similar questions suggest themselves 
in higher dimensions. In addition to our previous results, the following will be crucial for 
the investigation of nontrivial dominations: 

Theorem 5. For a> b, n> a + b and c > 1, there exists an n- dimensional smooth complex 
projective variety whose primitive {p,q)-type cohomology has dimension (3'^-l)/2 ifp - a 
and q = b, and vanishes for all other p> q. 

Using Theorems H] and [5], we are able to give a complete classification of Simpson's 
domination relation in Section (TO) 

Theorem 6. A domination between Hodge numbers is nontrivial if and only if it is equal 
to the nontrivial domination between h^'^ and in dimension two. 

Of course one could strengthen Simpson's domination relation between Hodge numbers 
by requiring that (11.41) holds for all n-dimensional Kahler manifolds X. However, since 
Proposition [1] holds for all Kahler surfaces, it is immediate that Theorem [6] remains true 
for this stronger domination relation. 

1.3. Some negative results. In the Appendices of this paper we collect some partial 
results which demonstrate that the constraints which classical Hodge theory puts on the 
Hodge numbers of Kahler manifolds are in general not complete. This is one of the 
reasons which makes the construction problem for Hodge numbers so delicate. 

In Appendix |X] we carry out the proof of Proposition [1], asserting h^'^ > h?'^ for Kahler 
surfaces. 

In Theorem [2] we have constructed three-dimensional examples with Hodge numbers 
/i^'^ - 1 and > 0. In Appendix [B] we want to illustrate that these varieties have very 
special Hodge diamonds. Indeed, we will show in Proposition l24l that the Hodge numbers 
hP''' of any smooth complex projective three-fold with h^'^ = 1 and h'^''^ > satisfy h^'^ = 0, 
j^2fi < ^3,0^ g^j-^^ f^2,i < ■ h^fi. Moreover, for - h'^'^ from above bounded, only finitely 
many deformation types of such examples exist. 

Concerning the Betti numbers, we prove in Corollary |28] in Appendix O Let X be a 
Kahler four-fold with b2{X) = 1, then b^i^X) can be bounded in terms of b^^X). Since this 
phenomenon cannot be explained with the Hodge symmetries, the Lefschetz conditions 
or the Hodge-Riemann bilinear relations, we conclude that even for the Betti numbers of 
Kahler manifolds, the known constraints are not complete. 

1.4. Organization of the paper. In Section [2] we outline our construction methods. In 
Section |3] we construct a certain hyperelliptic curve Cg of genus g and useful subgroups of 
Aut(Cg'^). Using products of these curves we prove Theorem[2]by a direct implementation 
of the Godeaux-Serre construction in Section HI In Section [5] we develop the construction 
method (Proposition IT^ needed for the proofs of Theorems [3] and S] in Sections |6] and 
[7] respectively. We discuss some consequences of Theorem H] and determine all universal 
inequalities among the Betti numbers of smooth complex projective varieties in Section 
m Using an iterated resolution of (Z/3Z)-quotient singularities, we prove Theorem |5] 
in Section [91 In Section [10] we show how our results lead to a complete classification of 
Simpson's domination relation between Hodge numbers. Finally, we discuss in Appendices 
[^HOthe negative results, mentioned in Section [T73l 
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1.5. Conventions. All Kaliler manifolds are compact and connected, if not mentioned 
otherwise. A variety is a separated integral scheme of finite type over C Using the 
GAGA principle, we usually identify a smooth projective variety with its corresponding 
analytic space, which is a Kahler manifold. With a group action on a variety, we always 
mean a group action by automorphisms from the left. If an automorphism acts on a 
variety Y, then we denote its fixed point set on Y by FixY{(p)- Finally, we denote the 
cup product on cohomology by a. 

2. Outline of our construction methods 

The starting point of our constructions is the observation that there are finite group 
actions G xT ^ T, where T is a product of hyperelliptic curves, such that the G-invariant 
cohomology of T is essentially concentrated in a single (p, q')-type, see Section l3T2l In local 
holomorphic charts, G acts by linear automorphisms. Thus, by the Chevalley-Shephard- 
Todd Theorem, T/G is smooth if and only if G is generated by quasi- reflections, that is, 
by elements whose fixed point set is a divisor on T. Unfortunately, it turns out that in 
our approach this strong condition can rarely be met. Therefore we face the problem of 
a possibly highly singular quotient T/G. 

The most straightforward way to deal with this problem is to pass to a smooth model 
X of T/G. However, as it is shown in [1^, only the outer Hodge numbers are 
birational invariants. Therefore, there will be in general only very little relation between 
the cohomology of X and the G-invariant cohomology of T. Nevertheless, in the proof of 
Theorem |5] we will find examples T/G which admit smooth models whose cohomology is, 
apart from (a lot of) additional (p,p)-type classes, indeed given by the G- invariants of T. 

In Theorems [2l [3] and H] we need to construct examples with bounded hP'P and so the 
above method does not work anymore. Instead, we use the following Lemma, known as 
the Godeaux-Serre construction, cf. [T1[T6]: 

Lemma 7. Let G be a finite group whose action on a smooth complex projective variety 
Y is free outside a subset of codimension > n. Then Y/G contains an n-dimensional 
smooth complex projective subvariety whose cohomology below degree n is given by the 
G-invariant classes ofY . 

Proof. A general n-dimensional G-invariant complete intersection subvariety Z ^ Y is 
smooth by Bertini's theorem. For a general choice of Z, the G-action on Z is free and so 
Z/G is a smooth subvariety of Y/G which by the Lefschetz hyperplane theorem, applied 
to Z ^Y, has the property we want in the Lemma. □ 

The group actions G x T T from Section 13.21 do not satisfy the assumptions from 
Lemma [7] for n > 2. However, using high- dimensional self-products of such examples we 
are able to produce situations where these assumptions are met for arbitrary n. This 
leads to a rather direct proof of Theorem [2] in Section HI 

For applications to more general situations, the above method is not yet flexible enough. 
For the proofs of Theorems[3]and|l]we therefore have to develop a new technique in Section 
[5l Instead of a single group action, we will consider a flnite number of flnite group actions 
Gj X Tj Tj, indexed by z e /. Blowing up all Ti simultaneously in a large ambient space, 
we are able to construct a smooth complex projective variety Y which admits an action of 
the product G = riis/ Gi that is free outside a subset of large codimension and so Lemma 
[7] applies. Moreover, the G-invariants of Y will be given in terms of the Gj-invariants of 
the Ti. This is a quite powerful method since it allows us to apply Lemma [7] to a flnite 
number of group actions simultaneously - even without assuming that the group actions 
we started with are free away from subspaces of large codimension, cf. Proposition [TH 



6 



STEFAN SCHREIEDER 



3. Hyperelliptic curves and group actions 

3.1. Basics on hyperelliptic curves. In this subsection, following mostly [TTJ pp. 214], 
we recall some basic properties of hyperelliptic curves. In order to unify our discussion, 
hyperelliptic curves of genus and 1 will be and elliptic curves, respectively. 

For (yf > 0, let / € C[x] be a degree 25^ + 1 polynomial with distinct roots. Then, a 
smooth projective model X of the affine curve Y given by 

{y' = f{x)}^C' 

is a hyperelliptic curve of genus g. Although Y is smooth, its projective closure has for 
g > 1 a singularity at oo. The hyperelliptic curve X is therefore explicitly given by the 
normalization of this projective closure. It turns out that X is obtained from Y by adding 
one additional point at oo. This additional point is covered by an affine piece, given by 

jt;^ = M^^"^^ • / {w^^^ , where x = u'^ and y = v ■ u'^'^ . 

On an appropriate open cover of X, local holomorphic coordinates are given by x,y,u 
and V respectively. Moreover, the smooth curve X has genus g and a basis of H^'^{X) is 
given by the differential forms 



where i = 1, . . . , g. 

Let us now specialize to the situation where / equals the polynomial + 1 and 
denote the corresponding hyperelliptic curve of genus ghj Cg. It follows from the explicit 
description of the two affine pieces of Cg that this curve carries an automorphism ifjg of 
order 2g + 1 given by 

{x,y) ^ {(■x,y) and {u,v) ^ {C'^ ■ u,C^ ■ v) , 

where ( denotes a primitive {2g + l)-th root of unity. Similarly, 

{x,y) (x,-y) and (u,v) i-^ (u,-v) , 

defines an involution which we denote by multiplication with -1. Moreover, it follows 
from the above description of i/^'°(Cg) that the ^^-action on i/^'°(Cg) has eigenvalues 
C, . . . , <^9, whereas the involution acts by multiplication with -1 on H^'^{Cg). 

Any smooth curve can be embedded into P^. For the curve Cg, we fix the explicit 
embedding which is given by 

Obviously, the involution as well as the order (2(7 + l)-automorphism ipg of Cg £ P^ extend 
to P3 via 

[1 : 1 : -1 : 1] and [1 : C = 1 = C^^^] 

respectively. 

3.2. Group actions on products of hyperelliptic curves. Let T be the A;-fold prod- 
uct of the hyperelliptic curve Cg with automorphism -0^ defined in Section 13.11 For a>b 
with a+b = k, we define for each i = 1, 2, 3 a subgroup G'^{a, b, g) of Aut(T) whose elements 
are called automorphisms of the z-th kind. The subgroup of automorphisms of the first 
kind is given by 

G\a,b,g) := {^jp x-x^^-^ \ ji + ■■■ + ja - ja+i ia+fe = mod (2^ + 1)} . 

Next 

G'^{a,b,g) := Sym(a) x Sym(6) , 
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where (<t,t) € Sym(a) x Sym(6) acts on T via 

(Xi,...,Xa,yi,...,yb)'-^ (sign((T) • , X^^2) X^ia) , Sign(r) • yr(l) , yr(2) Vrib) ) • 

Here sign denotes the signum of the corresponding permutations. Finally, G'^{a,b,g) is 
trivial, ii a t b and if a = 6, then it is generated by the automorphism that interchanges 
the two factors of T = C^" x C/. 

Definition 8. The group G{a,b,g) is the subgroup o/Aut(T) which is generated by the 
union of G^{a, b, g) for i = 1,2, 3. 

Automorphisms of different kinds do in general not commute with each other. However, 

it is easy to see that each element in G{a, b, g) can be written as a product (pi o (f)2° 03 
where (pi lies in G^{a,b,g). Therefore, G{a,b,g) is a finite group which naturally acts on 
the cohomology of T. 

Lemma 9. If a> b, then the G{a,b, g)-invariant cohomology of T is a direct sum 

where V"-'^ - V^^"- is a g-dimensional space of (a,b)-classes and V^^p = V'^~P'''~'p is a space 
of {p,p)-classes of dimension min(p +1,6+1), where p< k/2 is assumed. 

Proof. Wc denote the fundamental class of the j-th factor of T by Qj e H^'^(T). Moreover, 
we pick for j = 1, . . . , A; a basis Uji, . . . ,ujjg of (1, 0)-classes of the j-th factor of T in such 
a way that 

for a fixed {2g + l)-th root of unity C, holds. Then the cohomology ring of T is generated 
by the Qj's, ujjis and their conjugates. Moreover, the involution on the j-th curve factor 

of T acts on ujji and uJJl by multiplication with -1 and leaves Vlj invariant. 

Suppose that we are given a G( a, 6, 5') -invariant class which contains the monomial 

nontrivially. Since the product of a (1,0)- and a (0, l)-class of the 2-th curve factor is 
a multiple of and since classes of degree 3 vanish on curves, wc may assume that 
the indices ii, . . . ,is,ji, . . . ,jt are pairwise distinct. Therefore, application of a suitable 
automorphism of the first kind shows t = if s > 1 and t = a + b ii s = 0. In the latter case, 
suppose that there are indices ii and i2 with either ii,i2 < r or 11,12 > r, such that jj^ < a 
and ji,^ > a holds. Then, application of a suitable automorphism of the first kind yields 
hi + - in Z,/(2^ + 1)Z, which contradicts 1 <li < g. This shows 

{ii,---,jr} = or {ji,...,jr} ^{a + l,...,a + b} . 

By applying suitable automorphisms of the first kind once more, one obtains li = ■■■ = It. 
Thus, we have just shown that a G(a, 6, 5f)-invariant class of T is either a polynomial in 
the Jlj's, or a linear combination of 

or their conjugates, where / = l,...,g. Therefore, the span of oJi,...,ojg yields a g- 
dimensional space l^"'** of G{a, b, (/)-invariant (a, 6)-classes as we want in the Lemma. 

Next, we define VP'P to consist of all G ( a, 6, g-) -invariant homogeneous degree p poly- 
nomials in r^i, . . . , Qk- Application of a suitable automorphism of the second kind shows 
that any element in VP'P is a polynomial in the elementary symmetric polynomials in 
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fil, . . . , fia and fia+i, . . . , ^a+b- By standard facts about symmetric polynomials, it follows 
that can be written as a polynomial in 

a a+b 

Y,^/ and ^/ 
for z > 0. Since fl'^ vanishes for all j, we see that a basis of VP'P is given by the elements 

where < p - i < a and < i < b. Using a > b, this concludes the Lemma by an easy 
counting argument. □ 

Lemma 10. If a = b, then the G{a,b, g)-invariant cohomology of T is a direct sum 
®p^qVP'P, where VP'P = V'^^^''^^^ is a space of {p,p) -classes whose dimension is given by 
[pI2\, ifp < a, and by [p/2\+g, ifp = a. 

Proof. This is proven in the same way as Lemma [H The slight difference in the result is 
due to the fact that in the Definition of G^{a,b, g), the case a = b is exceptional. □ 

For later applications, we will also need the following: 

Lemma 11. For all a > b there exists some N > and an embedding of G(a,b,g) into 
GL(A^+1) such that a G{a,b, g)-equivariant embedding ofCg"'^^ into exists. Moreover, 
Cg""^^ contains a point which is fixed by G{a,b,g). 

Proof. For the first statement, we use the embedding of Cg into P'^, constructed in Section 
13. 1[ This yields an embedding of C^"^^ into (P^)'^^^. From the explicit description of that 
embedding, it follows that the action of G{a, b, g) on Cg""^^ extends to an action on (p3~)a+6 
which is given by first multiplying homogeneous coordinates with some roots of unity and 
then permuting these in some way. Using the Segre map, we obtain for some large an 
embedding of G{a,b,g) into GL(A^ + 1) together with an G(a,6,5()-equivariant embedding 

This proves the first statement in the Lemma. 

For the second statement, note that the point oo of Cg is fixed by both, ifjg as well 
as the involution. Thus, oo yields a point on the diagonal of Cg"'^'^ which is fixed by 
G{a,b,g). □ 

4. Proof of Theorem [2] 

Since blowing-up a point increases h^'^ by one and leaves unchanged, in order to 
prove Theorem |2l it suffices to construct for given g in each dimension n > 2 a smooth 
complex projective variety X with h'^''^{X) = g and h^'^{X) - 1. 

We fix some large integers A'^i and N2 and consider T := C^^ together with the subgroups 
G\2,0,g) and 6*2(2,0,^) of Aut(T), defined in Section O For j = l,...,Ni, we denote 
a copy of by and we put 

A:=Aix ■■■ X An, . 

That is, A is a (2- A^i • A^2)-fold product of Cg, but we prefer to think of A to be an A^i-fold 
product of T^^, where the j-th factor is denoted by Aj. 

Next, we explain the construction of a certain subgroup G of automorphisms of A. This 
group is generated by five finite subgroups Gi, . . . ,^5 in Aut(74). The first subgroup of 
Aut(^) is given by 

Gi ■.= G\2,0,gr''^ , 



ON THE CONSTRUCTION PROBLEM FOR HODGE NUMBERS 



9 



where G^{2,0,g) acts on each Aj via the diagonal action. The second one is 

G2 -.= 0^2,0, gy''- , 
acting on A via the diagonal action. The third one is given by 

G3 := G'{2,0,g) , 

acting on each Aj as well as on A via the diagonal action. The fourth group of automor- 
phisms of A equals 

G, := Sym(iVi) , 
which acts on A via permutation of the A/s. Finally, we put 

G5 := Sym(iV2) , 

which permutes the T-factors of each Aj and acts on A via the diagonal action. 

Suppose we are given some elements (pi ^ Gi. Then, 03 commutes with (/)4 and 05, and 

03 ° 01 = 0'i ° 03, respectively 0i o 03 = 03 o 0^' as well as 03 o 02 = 02 o 03, respectively 
02 o 03 = 03 ° 02 holds for some 0^, 0" e Gi, where i = 1,2. Similar relations can be checked 
for all products 0i o 0^- and so we conclude that each element in the group G £ Ant{A), 
which is generated by Gi, . . . , G5, can be written in the form 

= 01 o 02 ° 03 ° 04 ° 05 , 

where 0i lies in Gi. 

Suppose that the fixed point set Fix^(0) contains an irreducible component whose 
codimension is less than 

min(A^i/2,2A^2) • 

Since is just some permutation of the 2N1N2 curve factors of A, followed by automor- 
phisms of each factor, we deduce that needs to fix more than 

2iViA^2 -min(A^i,4A^2) 

curve factors. If 04 were nontrivial, then would fix at most 2(A'^i - 2)N2 curve factors, 
and if 05 were nontrivial, then would fix at most 2Ni{N2 - 2) curve factors. Thus, 

04 = 05 = id. If 03 were nontrivial, then its action on a single factor T = Gg^ cannot 
permute the two curve factors. Thus, 03 is just multiplication with -1 on each curve 
factor. This cannot be canceled with automorphisms in G^{2,0,g), since the latter is a 
cyclic group of order 2g + 1. Therefore, 03 = id follows as well. 

Since fixes more than 2N1N2-N1 curve factors, we see that = 0io02 needs to be the 
identity on at least one Aj^. Since 02 acts on each Aj in the same way, it lies in Gi n G2 
and so we may assume 02 = id. Finally, any nontrivial automorphism in Gi has a fixed 
point set of codimension > 2A^2- This is a contradiction. For A'^i and N2 large enough, 
it follows that the G-action on A is free outside a subset of codimension > n. Then by 
Lemma [71 A/G contains a smooth ri- dimensional subvariety X whose cohomology below 
degree n is given by the G-invariants of A. 

For the proof of the Theorem, it remains to show h'^'^(X) = g and h^'^{X) = 1. For this 
purpose, we denote the fundamental class of the j-th curve factor of A by 

Moreover, we pick for j = 1, . . . ,2NiN2 a basis ojji, . . . ,00 jg of (1, 0)-classes of the j-th 
curve factor of A in such a way that 

for a fixed {2g + l)-th root of unity C holds. Then the cohomology ring of A is generated 
by the Q/s, Uji's and their conjugates. 
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Suppose that we are given a G- invariant (l,l)-class which contains Uis a Ujr nontriv- 
ially. Then apphcation of a suitable automorphism in Gi shows that after relabehng 
Ai, . . . , ^AT-^, we may assume 1 < z, j < 2A^2- Moreover, it follows that i and j have the 
same parity, since otherwise r + s is zero modulo 2g + 1, which contradicts 1 < r,s < g. 
Finally, application of a suitable element in G2 shows i = j. Since tJig auJ~ is a multiple 
of Qi, it follows that our G-invariant (1, l)-class is of the form 

Ai • fii H + X2N1N2 ■ ^2iViAf2 • 

Since G acts transitively on the curve factors of A, this class is G-invariant if and only if 
Ai = •■• = X2NiN2- This proves h^'^{X) = 1. 

It remains to show /i^'°(X) = g. Therefore, we define for I = 1, . . . ,g the (2,0)-class 

N1N2 

i=l 

and claim that these form a basis of the G-invariant (2, 0)-classes of A. Clearly, they are 
linearly independent and it is easy to see that they are G-invariant. 

Conversely, suppose that a G-invariant class contains uu-^ a uji^ nontrivially. Then, 
application of a suitable element in Gi shows that h ± I2 is zero modulo 2g + 1. This 
implies li = l2- Therefore, our G-invariant (2,0)-class is of the form 

ijl 

For fixed / = 1, ... ,5', we write Xij = Xiji and note that 

X! '^ij ' ^il ^ ^jl ' 
ij 

is also G-invariant. We want to show that this class is a multiple of ui. Applying suitable 
elements of Gi shows that the above (2,0)-class is a sum of (2, 0)-classes of the factors 
Ai, . . . , AjVi • Since this sum is invariant under the permutation of the factors Ai, . . . , A^r-^ , 
it suffices to consider the class 

2N2 

X! -^ii ■ '^il ^ ^jl 

on Ai, which is invariant under the induced G2- and Gs-action on Ai. In this sum we 
may assume Xij = for all i > j and application of a suitable element in G2 shows that 
the above class is given by 

N2 

XI "^21-1 2i ■ ^2i-l I ^ ^2i I ■ 
i=l 

Finally, application of elements of G5 proves that our class is a multiple of 

N2 

X!'^2i-l« ^ ^2il ■ 

1=1 

This finishes the proof of h'^''^(X) = g and thereby establishes Theorem [2l 

Remark 12. The above construction does not generalize to higher degrees - at least not 
in the obvious way. 
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5. Group actions on blown-up spaces 

5.1. Cohomology of blow-ups. Let y be a Kahler manifold, T a submanifold of codi- 
mension r and let tt : 1" ^ y be the blow-up of Y along T. Then the exceptional divisor 
j : E Y of this blow-up is a projective bundle of rank r - 1 over T and we denote the 
dual of the tautological line bundle on E by Then the Hodge structure on Y is 
given by the following theorem, see p. 180]. 

Theorem 13. We have an isomorphism of Hodge structures 

H^{Y, Z) e ^0 H''-^'-^{T, Z) j ^ H'' (Y, Z) , 

where on if'^"^*"2(T, Z), the natural Hodge structure is shifted by (i+l,i+l) . On H^{Y,7j), 
the above morphism is given by tt* whereas on if'^"2*"^(T, Z) it is given by o o n\*^, 
where h denotes the cup product with Ci((9£;(l)) £ H'^{E, Z) and is the Gysin morphism 
of the inclusion j : E "-^Y . 

5.2. Key construction. Let / be a finite nonempty set, and let io ^ I ■ Suppose that for 
each i e I, we are given a representation 

of a finite group Gi on a finite dimensional complex vector space Vi. Further, assume that 
the induced Gj-action on P(Vi) restricts to an action on a smooth subvariety Tj £ P(Vi) 
and that there is a point £ Tj^ which is fixed by Gj^. Then we have the following key 
result. 

Proposition 14. For any n> 0, there exists some complex vector space V and pairwise 
disjoint embeddings of Ti into Y := Tj^ x ¥(V), such that the blow-up YofY along all Ti 
with i + inherits an action of G := Hie/ Gi which is free outside a subset of codimension 
> n. Moreover, Y/G contains an n-dimensional smooth complex projective subvariety X 
whose primitive Hodge numbers are, for all p + q < n, given by 

F'^X) = dim(ifP'«(T,J^'o) + ^ dim{HP'^''i-\Ti)^^) . 
Proof. The product 

G■.= YlG^ 

acts naturally on the direct sum ©je/l^. We pick some k » 0. Then 

v:= (e^.)®(e^/•c'=) 

iel geG 

inherits a linear G-action where h ^ G acts on the second factor by sending g ■ canon- 
ically to {h- g) ■ <C^. Then we obtain G-equivariant inclusions 

T, ^ viVi) ^ p(y) , 

where for j the g roup Gj cLcts via the identity on Tj and P(Vi). The product 

Y := T,, X p(y) 

inherits a G- action via the diagonal, where for i 4^ io elements of Gj act trivially on Tj^. 
Using the base point pi^ £ Tj^,, we obtain for all z £ / disjoint inclusions 

and we denote the blow-up of Y along the union of all Tj with i iohj Y. Since £ 
is fixed by G, the G-action maps each Tj to itself and hence lifts to Y. 
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We want to prove that the G-action on Y is free outside a subset of codimension > n. 
For k large enough, the G-action on Y certainly has this property. Hence, it suffices to 
check that the induced G-action on the exceptional divisor Ej above Tj ^Y is free outside 
a subset of codimension > n. 

For \I\ = 1, this condition is empty. For |/| > 2, we fix an index j e I with j 4^ iq. Then 
it suffices to show that for a given nontrivial element (f) e G the fixed point set Fix^;^. (0) 
has codimension > n in Ej. If tj e Tj is not fixed by 0, then the fiber of Ej Tj above tj 
is moved by (p and hence disjoint from Fix£;^(0). Conversely, if tj is fixed by (p, then (p 
acts on the normal space 

A/'r,,t, =TY,tjTT^,tj 

via a linear automorphism and the projectivization of this vector space is the fiber of 
Ej Tj above tj. The tangent space Ty^tj equals 

Tt,^,,^^®{L*0{V/L)) , 

where L is the line in V which corresponds to the image of tj under the projection 
Y F(V). Since (p 4^ id, it follows for large k that the fixed point set of (p on the fiber 
of Ej above tj has codimension > n. Hence, Fix£;^(0) has codimension > n in Ej, as we 
want. 

As we have just shown, the G- action on Y is free outside a subset of codimension 
> n. Hence, by Lemma [71 the quotient Y jG contains an n-dimensional smooth complex 
projective subvariety X whose cohomology below the middle degree is given by the G- 
invariants of Y . In order to calculate the dimension of the latter, we first note that for 
all i e /, the divisor Ei on Y is preserved by G. Since O^;. (-1) is given by the restriction 
of OyiEi) to Ei, it follows that ci{OEi{^)) is G-invariant. For p + q < n, the primitive 
(p,q)-th Hodge number of X is by Theorem [T3] therefore given by: 

F'^(X) = dimiNP'^Y)^) - dim(HP-^'''-\Yf) + dim{HP-^'i-\Tif') , 

i+io 

where H*{-)^ denotes G-invariant cohomology. Since any automorphism of projective 
space acts trivially on its cohomology, the Kiinneth Formula implies 

dim(//P'«(r )^) - drnviRP-^^t-^ {Y)^) = dim {RP'^Ti^ f^o ) . 

This finishes the proof of Proposition [TH □ 

6. Proof of Theorem O 

Let (/i^'^)p+5=A; be a symmetric collection of natural numbers. In the case where k = 2m 
is even, we additionally assume 

m \ m 

m ■ 



m 




m 






.2". 




.2". 



Then we want to construct for n> k srn tt,- dimensional smooth complex projective variety 
X with the above Hodge numbers on H'^{X, C). For k = 1, the product of a smooth curve 
of genus h^''^ with P""^ does the job, and the case k = 2 is established in Theorem |2j 

For A; > 3, let us consider the index set / := {0, . . . , [(A; - l)/2j} and put io ■= 0. Then, 
for all i e I, we consider the {k - 2i)-fold product 

rp \k-2i 

-'-i — \^h''-'-iJ ) 

where Chk-t,i denotes the hyperelliptic curve of genus h^'^'\ defined in Section [STTl On Tj 
we consider the action of 

G, := G(A;-2i,0, /I'^^^'O , 



ON THE CONSTRUCTION PROBLEM FOR HODGE NUMBERS 



13 



defined in Section l3T2l 

By Lemma fTTl we may apply the construction method of Section [52] to the set of data 
{Ti,Gi, I Thus, by Proposition [TH there exists an n- dimensional smooth complex 
projective variety X whose primitive Hodge numbers are given by 

= dim(i/P''?(TiJ^'o) + ^ dim{HP-^''^-\T,)^^) . 

Lemma[9]says that for p> q, the only Gj-invariant {p, g)-classes of Tj are of type (k-2i, 0). 
Therefore, IP'^(X) vanishes for p> q in all but the following cases: 



l'''\X) = dim(iy^'0(riJ^'o) = /i'^.o , 



and 



for all 1 < i < A;/2. Using the formula 



h^-'\x) = Y,i 

s=0 



{X) 



we deduce for < z < A;/2: 

h^-^'\X) = h''-''' . 

Thus, if k is odd, then the Hodge symmetries imply that the Hodge structure on C) 
has Hodge numbers (/i'^'^, . . . , 

We are left with the case where k = 2m is even. Since blowing-up a point increases 
j^m,m Q]^g g^j-^^ leaves h^'*^ with p i= q unchanged, it suffices to prove 

As we have seen: 



m 




m 






.2". 




.2". 



= ^/^'^(X) = ^ dim(i/^'^(ro)^") + X! dim(H'-^''-\Ti)^^) 

s=0 s=0 y 0<i<fc/2 

By Lemma m we have dim (i7^''^(Tj)'^») = 1 for all < s < 2 • dim(rj) and so 

m-l 

h"^,^(X) = m + l+ E dim (H''' (Ti)^') . 

s=0 0<i<fc/2 

Since Tj has dimension 2(m - z), we see that 



m-l 

Edim(//^'^(TO^0 

s=0 



\m , if 2(m - i) > m - 1 , 

[2(m - i) + 1 , if 2(m - z) < m - 1 . 



Hence 

[m/2j m-l 

=m + l+ J m+ E (2(m-z) + l) 

i=l i=[m/2j + l 

and it is straightforward to check that this simplifies to 

h"',m(^X) = m-[{m + 3)/2\ + [m/2f . 
This finishes the proof of Theorem [31 
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7. Proof of Theorem S] 

Given a truncated n-dimensional formal Hodge diamond whose Hodge numbers (resp. 
primitive Hodge numbers) are denoted by h'P^'i (resp. Suppose that one of the 

following two additional conditions holds: 

(1) The number /i*^'" vanishes for all k ko for some ko e {1, . . . ,n - 1}. 

(2) The number h'^'^ vanishes for all = 1, . . . , n - 3. 

We will construct universal constants C{p,n) such that under the additional assumption 
/P'P > C{p,n) for all 1 < JO < n/2, an n-dimensional smooth complex projective variety X 
with the given truncated Hodge diamond exists. Then Theorem H] follows as soon as we 
have shown C{p,n) <p - {ri^ - 2n + 5)/4. 

Since blowing-up a point on X increases the primitive Hodge number 1^'^{X) by one 
and leaves the remaining primitive Hodge numbers unchanged, it suffices to deal with the 
case where /^'^ = C(l,n) is minimal. 

To explain our construction, let us for each p > g > with 2 < p + q < n consider the 
(p + q - 2)-fold product 

J-p,q — \^IP-1 ) 1 

where C;p.<? is the hyperelliptic curve of genus /P'^, constructed in Section [3Tl On Tp g we 
consider the group action of 

G',,,:=G(p-l,g-l,P'«) , 

defined in Section 13. 2[ 

At this point we need to distinguish between the above cases ([T]) and ([2]). We begin 
with ([1]) and consider the index set 

/ := {{p, q): p>q>0, n>p + q>2}u {zq} , 

and put 

T,, := (Ci^o^of" and G,, := G(fco, 0, . 

By Lemma [Til we may apply the construction method of Section 15.21 to the set of data 
{Ti,Gi, I Thus, Proposition [14] yields an n-dimensional smooth complex projective 
variety X whose primitive Hodge numbers IP''i(X) with p + q < n are given by 

(7.1) P'^(X) = dim(i/P''?(Ti„)^'o)+ dim{HP-^'''-\Ta,bf'^''-) . 

a>b>0 
n>a+b>2 

It is now easy to deduce from Lemma [9] and [10] that IP''^(X) = IP'I holds for all p q. 
Moreover, for p = q, one extracts an explicit formula of the form 

F'P(X) = lP'P + Ci{p,n) , 

where Ci{p, n) is a constant which only depends on p and n. Replacing Ip^p by lP'P-Ci{p, n) 
in the above argument then shows that in case ([1]), an n-dimensional smooth complex 
projective variety with the given truncated Hodge diamond exists as long as 

P'P>Ci{p,n) 

holds for all 1 < p < n/2. 

In order to find a rough estimation for Ci{p,n), we use the inequalities 

dim {H^'^'iTi, f^o ) < 1 for all p , 

and 

(p if {a,b) ^ {p,p) , 



dim (HP-^'P-\Ta,b)^--') < 



j) + lP^P if (a,f)) = {p,p) 
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Using these estimations, (17. ip gives 



Ci{p,n)<l+ P 



a>b>0 
n>a+b>2 



If we write [x\ for the floor function of x, then the above formula gives explicitly: 



Ci(p,n) <p-n- 



n 



-P- 



n ■ 



If n is odd, then the above right- hand- side equals p-{n- 1)^/4 and if n is even, then it is 
given by p ■ n{n - 2)/4. Hence, 

Ci(p,n) <p-(n-l)V4 . 

Let us now turn to case ([2]). Here we consider the same index set I as above, and for 
all i io 'we also define Ti and Gi as above. However, for i - io, we put 

TiQ ■■= (Cjn-l,o)" ^ X (C;n-2,o)"' ^ 

and 

Gi, := G{n - 1,0, X G{n - 2, 0, P-^.O) _ 

By Lemma [11], there exist integers A'^i and N2 such that Gi, admits an embedding into 
GL{Ni + 1) X GL{N2 + 1) in such a way that an Gjg-equivariant embedding of Tj^ into 
pA^i ^ pAf2 exists. Using the Segre map, we obtain for > an embedding of Gi, into 
GL(A^ + 1) and an Gjg-equivariant embedding of Tj^ into P^. Moreover, by Lemma fTTl Ti, 
contains a point pi, which is fixed by Gjg. Hence, the construction method of Section [5^ 
can be applied to the above set of data. Therefore, Proposition [14] yields an n-dimensional 
smooth complex projective variety X whose primitive Hodge numbers IP''^(X) are given 
by formula (17. ip . 

For p> q and p + q < n, the GjQ-invariant cohomology of Tj^, is trivial whenever (p, q) is 
different from (n - 2,0) and {n - 1,0). Moreover, for (p, g) - {n- 1,0) it has dimension 
Qj^^ fQj, {Piq) = (ti-2,0) its dimension equals Thus (17.11) and the Hodge 

symmetries on X yield /P''?(X) = I'P^'i for aX\ pi^ q with p + q<n. Moreover, as in case ([T]), 
we obtain 

P'P(X) = P'P + C2(p,n) , 
where C2(p, n) is a constant in p and n which can be estimated by 

G2{p,n)<p + l+ ^■ 

a>b>0 
n>a+b>2 

Our estimation for Ci{p,n) shows 

C2(p,n) <p-{n - 1)^/4 + p . 

Then, for /P'P > C2{p,n), we may replace I^'P by IP'P - G2{p,n) in the above argument 
and obtain an n-dimensional smooth complex projective variety with the given truncated 
Hodge diamond. 
Let us now define 

(7.2) G{p,n) :=max{Ci{p,n),C2{p,n)) . 

Then in both cases, and ([2]), a variety with the desired truncated Hodge diamond 
exists if IP'P > C{p,n). Moreover, G{p,n) can roughly be estimated by 

. 77,2 -2n + 5 
C{p,n) <p . 

This finishes the proof of Theorem H] 
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Remark 15. As we have seen in the above proof, we may replace the given lower bound 
on IP'P in assumption (QP of Theorem^ by the smaller constant C{p,n), defined in ( 7.2). 



8. Consequences of Theorem S] and inequalities among Betti numbers 

This section's aim is to prove (H1)-(B2), stated in the Introduction. 

In order to prove (HI), we note that for natural numbers p and q with p + q < n there 
exists by Theorem H] a smooth complex projective variety X with IP'''(X) » 0, whereas 
(modulo the Hodge symmetries) all remaining primitive Hodge numbers of its truncated 
Hodge diamond are bounded from above, by say. This proves (HI). Moreover, (H2) 
is an immediate consequence of Theorem |H 

Next, (B2) follows from the following Corollary which rephrases Theorem H] in terms 
of Betti numbers. 

Corollary 16. Given an n-dimensional formal Hodge diamond whose Betti numbers bk 
satisfy 

b2k - &2fc-2 >k-(n'^-2n + 5)/8 for all k < n/2. 

Then there exists an n-dimensional smooth complex projective variety X with bk{X) - bk 
for all k < n - 1. 

It remains to prove (Bl). That is, we want to show that any universal inequality 
between the Betti numbers b^. of a smooth complex projective variety is a consequence 
of the Lefschetz conditions b^ > bk^2 for all k < n. Instead of using Theorem HI we give a 
direct proof of this statement. For this purpose, it clearly suffices to prove the following 
result: 

Proposition 17. Let X be the product o/P""'^ with some smooth hypersurface Vd £ P^^-*^ 
of degree d. Then, for < j < n with j 4^ k, the j-th primitive cohomology P^(X) of X 
has dimension < 1, whereas dim(P^(X)) tends to infinity if d does. 

Proof. For j < k, the Lefschetz hyperplane theorem yields: 

b,{Vd) = b2k-,{Vd) = b,iF'^^') . 

Moreover, from the Adjunction Formula we deduce that the topological Euler number 
Cfc(Vd) tends to ±oo if oo. This proves that bk{Vd) tends to infinity if d does. 
Using these Betti numbers of V^, it is straightforward to check that 

has the primitive cohomology we want in the Proposition. □ 

9. Examples with special primitive Hodge numbers 

Using an iterated resolution of (Z/3Z)-quotient singularities whose local description is 
given in Section 19.11 we prove Theorem [5] in Section 19.21 Our approach is similar to the 
method Cynk-Hulek use in [6] in order to construct rigid Calabi-Yau manifolds in higher 
dimensions. Before we give any details, let us note the following immediate consequence 
of Theorem (5) 

Corollary 18. Any universal inequality between the Hodge numbers of a smooth complex 
projective variety away from the vertical middle axis in U.3\) is a consequence of the 
Lefschetz conditions U.2\) . 
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9.1. Local resolution of Z/3Z-quotient singularities. Fix a primitive tliird root of 
unity ^ and choose affine coordinates (xi, . . . ,Xn) on Y := C". For r > 0, consider tlie 
automorpliism (j) -.Y ^Y given by 

Let Y' be the blow-up of Y in the origin with exceptional divisor E' '^Y'. Then lifts to 
Y' and we define Y" to be the blow-up of Y' along Fixy'(0). The exceptional divisor of 
this blow-up is denoted by E" £ Y". Then the induced 0-action on Y" has the following 
property. 

Lemma 19. The fixed point set of (p on Y" equals E" . Moreover: 

(1) If r = or r = n, then E" = E' = P""^. Otherwise, E" is a disjoint union of 

pr-l X pn-r- and X ^n-r-l ^ 

(2) The quotient Y" jcj) is smooth and admits local holomorphic coordinates (zi, . . . , Zn) 
such that each Zj comes from an (p-invariant rational function on Y , explicitly 
given by some quotient of two monomials in the coordinates Xi, . . . ,Xn- 

Proof. This Lemma is proven by a calculation, similar to that in [TOl pp. 84-87], where 
the case n = 2 is carried out. □ 

9.2. Proof of Theorem (5]. Let a>b, n>a + b and c > 1. Then we need to construct 
an n-dimensional smooth complex projective variety whose primitive (p, q')-type 
cohomology has dimension (3'^ ~ l)/2 if p = a and q = b, and vanishes for all other p > q. 
Suppose that we have already settled the case where n = a + b. Then, for n > a + b, the 
product 

has the required properties. It therefore suffices to prove the Proposition in the case 
where n-a + b. 

We define g ■= (3^ - l)/2 and consider the n-fold product Yq of the hyperelliptic curve 
Cg together with the action of 

G := G{a,b,g) , 

defined in Section [3l2l The group G is isomorphic to the {n - l)-fold product of 
Hence, for s = (n - 1)3^^"^, G admits a filtration 

= GocGic...gGs = G , 

such that each quotient Qi ■■= G-JGi^i is cyclic of order three, generated by the image of 
some 0j e Gi say. 

In order to resolve the singularities of Yq/G, we are going to construct inductively for 
i = 1, . . . ,s smooth models Yi of Y/Gi, fitting into the following diagram: 

(9.1) Y:U - Y{' Y^' 




Ys Ys-l Y2 Yi Yq . 

Here, Y^' Yi+i will be a 3 : 1 cover, branched along a smooth divisor, whereas Y^' 
Yi will be a two-fold blow-up along smooth subvarieties. Moreover, we claim that our 
construction satisfies the following: 

Lemma 20. Each Yi can be covered by local holomorphic charts whose coordinate func- 
tions Zi,. . . ,Zn are induced by Gi-invariant rational functions on Yq. Explicitly, each Zj 
is a quotient of monomials in Xi, . . . ,a;„, where Xk is a local holomorphic coordinate on 
the k-th curve factor ofY on which G/Gi acts by multiplication with some roots of unity. 
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It follows from the discussion in Section |3] that Lemma [201 is true for z = 0. Using this, 
we may apply the procedure of Section [9?T] to the action of 0i on Yq. That is, we define Yq 
to be the blow-up of Yq along FixYo((t>i) and Yq to be the blow-up of Yq along Fixyj(0i). 
Then, by ([2]) in Lemma [19] the quotient 

Yi:=Y^'/Q, 

is a smooth model of Yq/Gi. Since G is an abelian group, we obtain an induced G-action 
on Yi. Since Gi acts trivially on Yi, this in fact reduces to an action of G/Gi, which by ([2]) 
in Lemma [19] satisfies Lemma [20] This shows that we can repeat the above construction 
inductively and hence obtain for each i - 1, . . . ,s a smooth model 

of Yq/Gi on which G/Gi acts in such a way that Lemma [20] is true. Here 
(9.2) Y:1, - YI, - 

is a two-fold blow-up along the fixed point set of 0j on Yi^i and Y/_, respectively. 
We need the following description of the cohomology of Y^. 

Lemma 21. Let be an element of G. Then the cohomology ofYi as well as the coho- 
mology o/Fixy-(0) is generated (as a C-module) by products of Gi-invariant classes o/Iq 
with algebraic classes ofYi which are fixed by the G-action. 

Proof. We proceed by induction on i. The fixed point set Fixy(,(0) is isomorphic to the 
product of some curve factors Gg of Y and so the Lemma is true for i = 0. 

Let now z > 0. The cohomology of F-"^ is generated as a module by the cohomology of 
plus the cohomology of the exceptional divisors, introduced in the two-fold blow-up 
(19.21) . Each irreducible component E of these exceptional divisors is by in Lemma 
[19] given by a certain (P-? x P'=)-bundle over an irreducible component of Fixy-^(0). The 
G-action is linear on the fibers of these bundles and hence preserves the respective P-'- 
and P'^-subbundles of E. It therefore follows by induction that the cohomology of Y^'^-, 
is generated by products of Gj_i-invariant classes of Yq with algebraic classes which are 
fixed by the G-action. Next, the cohomology of Yi is given by the Qj-invariants of F-"^ 
and hence has the property we want in Lemma [211 

In the local charts, provided by Lemma [20l Fixy-(0) corresponds to the vanishing 
of certain coordinate functions. Explicitly, these coordinate functions are Gj-invariant 
rational functions in local coordinates of the curve factors of Yq. This explains that the 
natural map 

H*iY„C)^H*iFixYX<P),<C) 

is surjective. By what we have already shown, it follows that the cohomology of Fixy-(0) 
is generated by products of Gi-invariant classes of Yq with algebraic classes which are 
fixed by the G-action. This concludes Lemma [21] □ 

By Lemma [2T1 the cohomology of 

is generated by products of G-invariants of Yq with algebraic classes. Conversely, the G- 
invariants of Yq indeed inject into the cohomology of Yr. Therefore, the proof of Lemma 
[9] shows that for p> q with p + q <n, the {p, g)-th Hodge number of Zc''^'^ equals g if p = a 
and q = b, and it is zero otherwise. This finishes the proof of Theorem [5] 
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10. Proof of Theorem O 

Let us suppose that the Hodge number h^'^ dominates h^'i nontrivially in dimension n. 
That is, there are positive constants Ci,C2 £ M>o such that for all n-dimensional smooth 
complex projective varieties X, the following holds: 

Ci-h''''{X)+C2>hP'%X) . 

By the Hodge symmetries (11. ip . we may assume r>s, p>q, r + s<n and p + q < n. In 
order to prove Theorem [6] we then need to show n = 2, r-s-1 and p = 2. 

If r + s < n, then, by Theorem ^ p + q - n. Using the Lefschetz hyperplane theorem 
and the Hirzebruch-Riemann-Roch Formula, we see however that a smooth hypersurface 
Vd £ F"^^ of degree d satisfies h^'^{Vd) < 1, whereas hP''^{Vd) tends to infinity if d does. 
This is a contradiction and so r + s = n holds. 

Suppose that r s. Then, considering a blow-up of P" in sufficiently many distinct 
points proves pi^ q. Thus, Theorem [5] apphes and we obtain a contradiction. Hence, r - s 
follows and in particular = 2r is even. 

Suppose that p + q <n. Using high-degree hyperplane sections of n-dimensional exam- 
ples from Theorem m one proves that there is a sequence of (n - l)-dimensional smooth 
complex projective varieties (l^)j>i such that h^~^''^~^{Yj) is bounded whereas h^^'^iYj) 
tends to infinity if j does. Therefore, the sequence of n-dimensional smooth complex 
projective varieties 

Yj X 

has bounded h^'^ but unbounded h^^'i. This is a contradiction and hence shows p + q-n. 

Next, we want to argue that p = 2r and q = holds. For this purpose it suffices to prove 
the following Corollary of Theorem [3l 

Corollary 22. Let (h"''^, . . . , h^'"') be a symmetric collection of even natural numbers such 
that h"''^ = 0. If n = 2m is even, then we additionally assume 

^m,m > 2 . (m - 1) • [(m + 2)/2j + 2 • [(m - l)/2j^ . 

Then there exists an n-dimensional smooth complex projective variety X whose Hodge 
decomposition on H"-(X,C) has the given Hodge numbers. 

Proof. By Theorem [3] there exists an (n - 1) -dimensional smooth complex projective 
variety Y whose Hodge decomposition on C) has Hodge numbers 

^2 2 ^ 

By the Kiinneth Formula, the product X •.= Y xF^ has Hodge numbers 

hP'^iX) = hP'^iY) + hP-^'^-^Y) . 

Using the Hodge symmetries on Y, Corollary [22] follows. □ 

By what we have shown so far, we are left with the case where n = 2r = 2s, p = 2r and 
q - 0. We need to show that r = 1 and for a contradiction, we assume that r > 2. By 
Theorem [5] there exists an (2r-l)-dimensional smooth complex projective variety Y with 
^2r-i,o^y^ _ /^o,2r-i^y^ _ ^ ^j^^^ hP''^{Y) = for all other p i= q. Since r > 2, this implies for 
a smooth curve Cg of genus g: 

/^2r,0(y xCg)=g and /^'^''^(y xCg) = 2- h'"^''-\Y) . 

Hence, (Y x Cg)g>i is a sequence of 2r-dimensional smooth complex projective varieties 
such that h^'^ is bounded whereas K^^^^ tends to infinity if g does. This is the desired 
contradiction and hence shows r = 1. 
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Conversely, h^'^ indeed dominates by Proposition [T] nontrivially in dimension two. 
This finishes the proof of Theorem [61 

Appendix A. Proof of Proposition [T] 

We want to prove that h^'^ > holds for all Kahler surfaces. First, observe that for 
the product of with another smooth curve, h'^''^ vanishes and so the inequality trivially 
holds because h^'^ > is true for any Kahler manifold. Since any Kahler surface of 
Kodaira dimension -oo is birationally equivalent to such a product [2J, and since is a 
birational invariant, we deduce that the asserted inequality is true in the case of Kodaira 
dimension -oo. Since blowing-up a point increases h^'^ by one and leaves unchanged, 
we conclude that it suffices to prove h^'^{X) > /i^'°(A) for all minimal surfaces X of 
non-negative Kodaira dimension. For such a surface X, the Bogomolov-Miyaoka-Yau 
inequality 

cliX) < 3C2(A) 

holds. For Kodaira dimensions and 1, this can be seen by looking at table 10 in [21 p. 244] 
where all possible Chern numbers for minimal surfaces with these Kodaira dimensions 
are listed. If the Kodaira dimension of X is equal to 2, that is, if A is a minimal surface 
of general type, then the above inequality is due to Bogomolov-Miyaoka-Yau, see [21 pp. 
275]. 

In order to translate the above inequality into an inequality between the Hodge numbers 
of A, we need the following identities which hold for all Kahler surfaces: 

C2(A) = 2-2fei(A) + 62(A) , 

c?(A) = 10 - 4fei(A) + lOh^'^X) - h^'\X) . 
Using these, the Bogomolov-Miyaoka-Yau inequality turns out to be equivalent to 
(A.l) 1 + h^'%X) + h^'%X) < h^'\X) . 

This clearly implies h^'^{X) > h'^'^{X), which finishes the proof of Proposition [H 

Remark 23. Note that M . 1]) does not hold for products of with smooth curves of 
genus > 2. 

Appendix B. Three-folds with /i^'^ = 1 

In Theorem[2]we constructed three-folds A with /i^'^(A) = 1 such that h'^'^{X) is equal 
to any given natural number. In this Appendix, we prove that these examples have very 
special geometry: 

Proposition 24. Let X be a smooth complex projective three-fold with Hodge numbers 
hP'i := /iP'9(A). Suppose that h^'^ = 1, then the following holds: 

• The outer Hodge numbers satisfy h^''^ = and < max(/i^''^, 1). 

• The canonical bundle of X is anti-ample if h^''^ = 0, numerically trivial if h^''^ = 1 
and ample if h^'^ > 1 . 

Moreover, if h^'^ > 1, then h?'^ < 12^ • holds and for h^'^ - h'^'^ from above bounded, 
only finitely many deformation types of such examples exist. 

Before we can prove Proposition [211 let us show the following general result. 

Lemma 25. Let X be a Kahler manifold of dimension n and let k be an odd natural 
number with 2k <n such that h^'''(X) = 1. Then, bj(X) = for all odd j < k. 
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Proof. Let oj denote the Kahler class of X. For a contradiction, suppose that the assump- 
tions of the Proposition hold and that additionally bj{X) + for some odd j < k. We may 
assume that j is minimal with this property. Then all j-th cohomology is primitive and we 
pick some non-zero primitive (jo, g)-cohomology class a with p + q = j. Since h^'^{X) = 1 
and since 2k < n, the Lefschetz conditions (11 ■2p imply that H^'^{X) is spanned by . 
Thus, by the Hodge-Riemann bilinear relations: 

a Aa = X ■ 

for some A € C - {0}. Since 2j <2k<n, we have u"^^ i= 0. As a is of odd degree, this is a 
contradiction to the above equation and hence establishes the Lemma. □ 

Proof of Proposition \24\ Let X be a smooth complex projective three-fold with 

h^^\X) = 1 . 

The Riemann-Roch Formula in dimension three says 
(B.l) cMX) = 24x(X,Ox) . 

By Lemma 125) we have h^'^{X) = h'^'^(X) = 0. From the exponential sequence, it 
therefore follows that X has Picard number one and hence the canonical class Kx of X 
is either ample, anti-ample or numerically trivial. 

If -Kx is ample, then /i^'^ and vanish. 

If Kx is numerically trivial, than f lB.ip shows 1 + = h^''^. Since numerically trivial 
line bundles have at most one nontrivial section, we deduce h'^''^ = and /i^'" = 1. 
If Kx is ample, then Yau's inequality holds [20] : 

(B.2) cMX) < 14{X) . 



Together with (IB.ip . this implies 



(B.3) x{X,Ox)<j^cl{X)<0. 

Thus, -c^(X) can be bounded from above in terms of h^''^ - and hence Kollar- 
Matsusaka's theorem [131 PP- 239] yields that only finitely many deformation types of 
three-folds with h^'^ = 1, h^'^ > 1 and h^'^ - from above bounded exist. Furthermore, 
(IB.3P shows that 1 + /i^-O < h^fi holds for any such three-fold. 

Altogether, this proves firstly < max(/i^''^, 1), and secondly that Kx is anti-ample 
if /i^'" - 0, it is numerically trivial if = 1 and it is ample if h^''^ > 1. 

Finally, let us assume that h^''^ > 1 or > 0. Then Kx is ample and so Fujita's 
conjecture predicts that 6 • Kx is very ample, cf. [13], p. 252]. Although this conjecture 
is still open, Lee proves in [14j that 10 • Kx is very ample. Thus, the following argument 
due to Catanese-Schneider [3] applies: Firstly, the linear series |10 • Kx\ embeds X into 
some and hence flx{20- Kx) is a quotient of fipjv(2) restricted to X. Since the latter 
is globally generated, it is nef and hence flx{20 ■ Kx) is nef. Secondly, by [7, Cor. 2.6], 
any Chern number of a nef bundle F on an n- dimensional smooth complex projective 
variety X is bounded from above by c^(F). In our situation, this yields 

(B.4) C3(fi^(20 • Kx)) < 4{n],(20 ■ Kx)) . 

A standard computation gives 

C3(fi^(20 • Kx)) = -8400 • 4(X) - 20 • c^^) - CsiX) 

and 

cl{n],{20-Kx)) = -6l'-4{X) . 
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Together with Yau's inequahty (IB.2|) . this yields in flB.4p 
(B.5) 1 748 588 • ciC2(X) < 3 ■C3(X) . 

By the Riemann-Roch formula, this inequality is in fact one between the Hodge numbers 
of three-folds with ample canonical bundle. In our case, h^'^ = 1 and h^''^ = yield: 

6994346 + 6994346 • /i^'^ + 3 • h'^'^ < 6 994 349 • . 

Thus, a rough estimation yields 

This concludes the proof of the Proposition. □ 

Using Proposition [21] together with the classification of Fano three-folds O p. 215], 
we obtain the following classification of Hodge diamonds of three-folds with h^'^ = 1 and 
/i3,o = 0. 

Corollary 26. Let h^'"^ be the Hodge numbers of a smooth complex projective three-fold 
with h^'^ = 1 and h^'^ = 0. Then h^'^ and vanish, and for h"^'^ precisely one of the 
following values occurs: 

/i^'^ € {0, 2, 3, 5, 7, 10, 14, 20, 21, 30, 52} . 

We end Appendix[B]with a remark: Instead of using [7J, but still relying on [T^, Chang- 
Lopez prove in [5j that there is a computable constant C > such that C-ciC2{X) < C3(X) 
holds for all three-folds X with ample canonical bundle. Computing C explicitly shows 
that it is about four times smaller then the analogous constant which appears in flB.5l) . 
However, since the explicit extraction of C is slightly tedious and since this constant is 
still far from being realistic, we did not try to carry this out here. 



Appendix C. Four-folds with h^''^ = 1 
In this Appendix, we want to prove the following: 

Proposition 27. Let X be a smooth complex projective four-fold with Hodge numbers 
hP'i := hP'''(X). If h^'^ = I, then h^'^ = and for bounded h^'^ and /i^'^, only finitely 
many values for h^'^, h'^'^ and h^'^ occur. 

Since Kahler manifolds with 62 = 1 are projective. Proposition [271 implies immediately: 

Corollary 28. Let X be a Kahler four-fold with b2{X) = 1. Then b^(X) is bounded in 
terms of b^i^X). 



Proof of Proposition Let X be a smooth complex projective four-fold with Hodge 
numbers HP''^ and Chern numbers cf,clc2, ... ,04. Suppose that h^'^ = 1 and that h'^'^, h^'^ 
and /i^'^ are bounded. Then Lemma 125) shows - 0. Moreover, we have: 



Lemma 29. The following inequality holds: 

224 + 228/i2'0 - 224/i3'0 + h''^ - 2h^'' + 226/i^'° > ^ • (4c?C2 - cl) . 

Proof. Since h^'^ - 1, we see that C2{X) = X-u'^ + a where a is a primitive (2,2)-class and 
u! the Kahler class on X. Since u and C2(X) are real cohomology classes, we obtain 

a - a = -(A - A) ■ . 
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In this equation, the left-hand side is primitive. However, no nonzero multiple of uP' 
is primitive and we conclude a = a and A € M. Thus, by the Hodge-Riemann bilinear 
relations: 

/ a;Aa= / a^>0. 

JX JX 

This implies, since a a oj = and A e M: 

(C.l) f C2{Xf = f (AV + 2A • a;2 A a + > . 

Let us now use the following formula, due to Libgober-Wood [15]: 
(C.2) C1C3 = 12x' - 36x=^ + 72x' - Uc, , 

where = Eg(^l)'^^^''^- By the Riemann-Roch theorem and (IC.ip . we also have 

= ^ (-C4 + C1C3 + 34 + 4c? C2 - cf) > ^ (-C4 + C1C3 + Aclc2 - 4) . 
Using Libgober- Wood's expression for C1C3, this reads: 

> ^ (-15C4 + 12x' - 36x' + 72x^ + 4c?C2 - cf) . 

Finally, expressing the topological Euler characteristic C4 as well as all the x^'s in terms 
of Hodge numbers, one obtains the inequality, claimed in the Lemma. □ 

Since h^'^ = 1 and h^'^ = 0, we see that X has Picard number one. Thus, the canonical 
class Kx is either anti-ample, numerically trivial or ample. 

In fixed dimension, there are only finitely many deformation types of smooth complex 
projective varieties with anti-ample canonical class [11]. Since deformation equivalent 
varieties have the same Hodge numbers [191 P- 235], the Proposition is true in this case. 

If Kx is numerically trivial, then Lemma [29] implies that h^''^ and h^'^ are bounded. 
Moreover, Libgober-Wood's formula (\C2\i shows: 

52 + 40/i2'0 - 4/i2'i - 2h^'^ - 52/i3'0 + 8h^'^ + 44/i^'O = . 

Since we already know that apart from /i^'^ all Hodge numbers in the above identity are 
bounded, it follows that /i^'^ is bounded as well. 

Finally, it remains to deal with the case where Kx is ample. Here, Yau's inequality 
[20] holds: 

2 

C1C2 > -Ci . 

5 

Using this, we obtain from Lemma [291 

224 + 228/1^'° - 224h^'^ + h^^^ - 2h^^^ + 226/i^'° > -cl . 

5 

Since and /i^'^ are bounded, we deduce that cf is bounded from above. Thus, 

KoUar-Matsusaka's Theorem [T3l pp. 239] implies that only finitely many deformation 
types of such four-folds exist. As in the case of anti- ample canonical class it follows that 
h^'^, /i^'i and h^'^ are bounded. This concludes the proof of Proposition [271 □ 
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